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DEPARTMENTAL CONFERENCES. 



MATHEMATICS. 



THE TEACHING OF ELEMENTARY ALGEBRA FROM THE 
STANDPOINT OF THE TEACHER OF PHYSICS. 

E. C. Woodruff, 
Lake View High School. 

From the standpoint of the teacher of physics, I recognize 
that the teaching of algebra has three distinct aims: (i) to give 
the power to formulate algebraic expressions from stated con- 
ditions, and to solve those expressions ; this is comparable with 
composition in language study ; (2) to give the power to manipu- 
late given expressions, "to juggle equations," comparable with 
translation in the study of language; (3) to arouse interest, and 
to promote mental training. 

Strange as it may seem, the second point is the one of most 
immediate interest to physicists, and is the respect in which 
pupils who come up for physics are most deficient. However, 
in order to prepare the pupil for work in manipulation, it is quite 
essential that the other points have most of the attention at the 
beginning of the course. I will suggest that the course in algebra 
follow this order of procedure: (1) "analytic problems," to 
arouse interest and teach the main points about the more funda- 
mental operations; (2) drill on the operations; (3) special 
"analytic problems" to bring out the value of the operations. 

I will take up these three points in detail. 

The character of the preliminary problems should be such 
that the data involved will come easily within reach of the pre- 
vious experience of the pupil, from things he has observed or 
can easily imagine, or from work he has done in nature's labo- 
ratory, i. e., his work and play outside of school. For conven- 
ience I will call these problems static problems — problems of con- 
dition, content, or possession. The chief value of these problems 
as introductory to the study is due to the very property that 
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Mr. C. E. Comstock finds objectionable, namely, that they give 
no information outside of the algebra involved, that they teach 
nothing but the forming and solving of equations. It seems to 
to me that this is an especial advantage in that the attention of 
the pupil is not distracted from the algebraic side of the problem 
while his acquaintance with algebra is as yet very slight. Such 
problems are those that deal with ages, money, crops in the 
field, capital, profit and loss, partnerships, legacies, numbers, 
earnings, expenditures, and savings. Referring to Beman and 
Smith's algebra for illustrations, you will find such problems on 
pp. 164 to 167. But these are all problems that involve nothing 
but number, those on p. 166 not being essentially different from 
those on p. 165. As such, they have a temporary value as intro- 
ductory problems, but after the operations are somewhat mas- 
tered, this style of problems should be left out. However, each 
time a new part of the subject is taken up it may well be intro- 
duced by a few of this class of problems. 

The serious part of the work should be done with what I 
will call kinetic problems. These may be taken up simultaneously 
with the more elaborate drill on the operations, and the work 
once started may consist of these two things. Both are of 
extreme value to the physics teacher; the first, in that in solving 
problems of this kind the pupil unconsciously and easily acquires 
the foundation for the more important simple concepts of 
physics, and will not be handicapped by a feeling of strangeness 
with the vocabulary when he takes up formal physics; the 
second, in that much of the difficulty of physics gathers around 
the manipulating and interpretating of algebraic forms. 

I will divide "kinetic problems" into two classes: (1) men- 
suration problems and (2) motion problems. Arithmetic should 
have furnished the data for the first kind ; those for the second 
come readily within the scope of a wide-awake imagination, aided 
by the observations of real life which a normal mind is sure to 
make. 

1. Mensuration problems are illustrated on pp. 172, 173, 279, 
280, 300-302, and 325 of Beman and Smith's book — problems 
on the relative dimensions of squares, rectangles, triangles, 
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circles, spheres, cylinders, disks, and on the arrangement of 
objects in such figures, on architecture, dress-making, heights of 
kites, trees, etc., characteristics of clock dial, etc., etc. Any of 
these can be so worded and complicated as to lead to either sim- 
ple equations on the one hand, or to simultaneous quadratics as 
the other extreme. 

2. Motion problems are illustrated on pp. 168, 170, 171, 190, 191, 
281, 282, 329, etc. They involve the questions of time, speed, 
and distance in walking, wheeling, by train, by boat, swimming 
with or against a current, rate of working, pipes filling cisterns, 
velocity of sound, seeing and hearing a whistle, seeing lightning 
and hearing the thunder, falling bodies, pendulums, gravitation, 
rotating circles and distances covered (p. 301, No. 18), pumping- 
and hoisting-engines (p. 168, Nos. 39, 40), mixtures of different 
liquids, alloys, bodies revolving in circles (p. 190, No. 8; 281, 
Nos. 30, 35), etc., etc. Independent of the importance of these 
problems to the teacher of physics, they are of great value to 
the pupil in that they train the imagination and the faculty of 
thinking concretely as no other class of problems can. 

As already mentioned, the power to manipulate algebraic 
expressions in all possible ways is indispensable to the physicist. 
None of the forms that occur in physics are especially compli- 
cated, not nearly as complicated as some of the abstract practice 
problems set in the algebras, and yet when the pupil comes to 
physics, he cannot solve sometimes the very simplest expressions, 
especially if the quantity desired is concealed in the second mem- 
ber of an equation, under a sign of division, or under a radical. 
Instead of giving the pupil equations to solve such as those on 
pp. 157 to 159 of Beman and Smith, why not give him the 
formulae of physics without any explanation of their meaning, 
and require them to be solved in all possible ways? If desired, 
then the expressions like those on pp. 158, 159 might be added 
for further drill. In any case, there should be drill on the 
formulae that the pupil is going to use later in physics. 

In all cases, sooner or later substitute numerical values and 
have the expressions solved, even if the meaning of the numeri- 
cal values or of the answer is left entirely unexplained. One 
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should be able (1) to solve for any term in terms of all the rest; 
(2) to solve for any term when two sets ot data are given in 
which all but one of the other terms are constant; (3) the same 
when all but the constant are given; (4) the same when one or 
more terms are constant; (5) to translate the expression into 
the form of a simple variation by treating all of the terms except 
two as constant. This "juggling" should not be entirely abstract, 
yet in general detailed explanations of the phenomena involved 
will be unnecessary. The matter may be treated as Beman and 
Smith do in p. 281, No. 33; p. 282, No. 36; pp. 319, 320; p. 191, 
No. 17; p. 171, Nos. 54, 57, 58. Their method of attack is 
very suggestive. It will be found that algebra pupils can in this 
way solve questions easily that physics pupils without this train- 
ing would find difficult, perhaps because the pupil in physics has 
two things to puzzle him at one and the same time, namely, the 
physics concept and the algebraic process. If he is properly 
drilled in the latter at the proper time — i e., while studying 
algebra — then his difficulties as a pupil of physics will be 
remarkably less. 

Nine of the standard forms of physics formulae are here given 
with some of their more complicated relations. The aim should 
be to be able to solve any form for any letter, and to be able to 
translate each into all the possible kinds of simple variations : 

1. Uniform motion : s = vt; F=MA; W=FS; E = CR . 

2. Falling bodies : s=yiat'\ E=yimv*; s=vj -f- yigt" . 

3. Falling bodies : v = V2gs; v*=vl-\-2gs . 

4. Curvehnear motion : F= ; E= — . 

gr 2g 

^ ■ r, „m m' 

5. Gravitation: F=K- 



d* 
lg 



6. Pendulum: t = tt -\\- ; v=-%\—; n = k--A— ; 
\g yd I \d 

H - k Lj'AL±3£L 

n -*!*\d(i-f3t) ■ 

7. Boyle's law : V P' = V" F" ; FV= R6 ; V r {B + H x - h x ) 
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8. Resistance: R — — ; — 7 ; Ji - 



r + r' ' '" r,r 2 + r z r 3 + r 2 r 3 ' 
g. Lenses: -r = — I- - / (/* — I 1 I = • 

Many problems in physics involve the ready use of a quad- 
ratic, perhaps in combination with a single equation ; in such a 
problem, for instance, as finding the depth of a well by dropping 
a stone in it and counting the seconds until you hear the sound 
of the stone striking the bottom. This involves a comparatively 
easy elimination between a simple equation and a quadratic, and 
yet pupils in physics always stumble at this point. One has to 
stop physics and teach them algebra for two or three days before 
they can walk uprightly again. I would suggest that the solu- 
tion of quadratics by completing the square be taught most thor- 
oughly, and to the exclusion of all other methods until the pupil 
finds it so easy that he will not try to use other methods except 
for purely algebraic purposes. The method to which I emphat- 
ically object is that " by formula" given on p. 255. It is a good 
enough method to use while the pupil is studying algebra, but 
always proves his undoing if he tries to remember it afterward ; 
much more so if he attempts to apply it to physics problems. 

As already hinted, the subject of variation is the one of 
greatest importance to the physicist. The pupil should be able 
to translate given equations into statements of variations, and 
then to use these statements in solving problems. At first, in 
taking up variation, the simplest form should be gone over many 
times with various sets of data before any other forms are 
attempted. I would not introduce the graph until 1 took up the 
subject of variation, and then I would bring it in and use it for 
all it is worth. But more about the graph later. The variations 
that the physicist will need are the following : 

1. Variation direct. — This can be illustrated by those "motion 
problems" that have to do with uniform velocity, either in a 
straight path or in a circle. It can also be illustrated by prob- 
lems on the relative dimensions of similar figures, both plane 
and solid, such as determining the height of a tree by measuring 
its shadow and comparing with the shadow of a stick of known 
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length. This can sometimes be made a very valuable experi- 
ment, to be performed, of course, by the teacher. No doubt, 
many of the pupils will try it for themselves at home, if their 
interest is once aroused. 

2. Variation direct as the square. — This can be illustrated by 
problems on similar surfaces and their dimensions; also prob- 
lems, and perhaps just enough experimenting to make the data 
a little understood, on falling bodies. After all, the only thing 
that really heeds demonstrating, and even that not always, is 
that the falling body keeps going faster and faster. This can 
be illustrated by noting the rebound when balls are dropped from 
different heights, or the splash when balls are dropped into water 
from different heights, or the relative depth to which falling 
balls will indent clay or putty when the height of fall is varied. 
The results of each of these experiments can be so explained as 
to make it clear to the pupil what is meant by saying that the 
velocity varies directly as the time, and from that he can be led 
to the conception that the space covered varies directly as the 
square of the time, if desired, in a purely abstract way, or rather 
by a pure algebraic proof by making use of the idea of average 
velocity. Still, problems can be worked with benefit without 
any of this experimenting or explanation. 

3. Variation direct as the square root. — This can be illustrated 
by problems about surfaces and dimensions, also by problems on 
the pendulum. In the latter case it may be well to hang up four 
balls by threads of lengths 10, 40, 90, and 160 cm., and call the 
attention of the pupils in a semi-quantitative way to the very 
apparent fact that the periods vary directly as the square roots 
of the lengths. 

4. Variation direct as the cube can be illustrated by problems 
involving volume and dimensions. 

5. Variation inverse as the first power may be illustrated by 
problems on Boyle's law and on vibrating strings with no experi- 
ments, and by problems on the lever and on the balance with 
perhaps a simple experimental explanation. Experiments with 
the lever and the balance can also be used in getting data for 
problems on direct variation. One might proceed in this way: 
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Have a meter stick balanced on a triangular prism ; hang a weight 
from a fixed point on one side; restore the balance by placing a 
weight on the other side in the proper place. Now ask where a 
different weight must be placed to give equilibrium ; also what 
fixed weight must be placed at a given mark for the same result. 
Also ask how the weight on one side of the fulcrum must be 
moved to preserve the balance, if the weight on the other side 
is changed in value, though kept in a fixed position. This last 
problem will illustrate direct variation; the others, inverse varia- 
tion. In each case follow the calculation with an experimental 
verification, if necessary, at least until the data are well under- 
stood. From the data construct a graph — from the experimental 
data, I mean, not from the calculated data. Never make a graph 
from calculations, unless you have time to throw away. In 
general, never use a graph except in connection with experi- 
mental data or tables of observations ; also never perform an 
experiment that is more than a qualitative demonstration, with- 
out putting the data into the graphic form. It will be readily 
seen that the graph suggested by the experimental data will 
agree with the calculations of what the data should be theo- 
retically. 

6. Inversely as the square may be illustrated by problems on 
gravitation, on the intensity of sound, and on the intensity of 
illumination as depending on the distance. The variation of 
illumination may be illustrated by drawing the lines that bound 
the shadow of a body lighted up by a point source of light and 
comparing the cross-sectional areas of the shadow at different 
distances from the source. Or an experiment may be performed, 
roughly of course, proceeding on the same general plan ; i. e., a 
square of cardboard will cast a shadow four times as big as itself 
on a screen twice as far from a small light as the card is. 

7. Inversely as the square root may be illustrated from the 
equations of physics, used with but little explanation and no 
experimentation. 

It will be noted that in connection with the more important 
of these variations I have suggested illustrations that depend on 
both kinds of "kinetic" problems, i. e., mensuration and motion 
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problems. In the absence of experimental skill or conveniences, 
attention might be confined to the mensuration methods of 
illustration. 

I come now to what is apparently troubling the consciences 
of many teachers of mathematics at present, namely, the use of 
the graph in elementary instruction. Most people think they 
must use it because authority has said so, or otherwise they will 
be considered as in the rear of the procession. One teacher said 
the graph was an interesting side excursion for its own sake, but 
asked of what use it really was to the algebra-teaching as a whole 
(elementary algebra, of course). She struck the proper idea, or 
toward it. The graph should be taken up for its own sake, or 
not at all. The graph is one language, the equation is another. 
The graph throws light on the equation in somewhat the same 
way that Latin throws light on English. To be sure, you cannot 
master one language unless you study the related languages. 
And yet the many tongues must not be taken up too soon, for 
fear of spoiling the vernacular, or confusing the pupil. So with 
the graph, there is a suitable time to bring it into the course. 
It should not be thought of as an illustration of the equation, 
still less as a means of rendering visible "the condition for real, 
imaginary, or equal roots," etc. The graph does not interpret 
the equation, as used by the physicist and the engineer ; it leads 
to the equation. 

The physicist uses the graph for four objects: (1) to point to 
the law; (2) to take the place of impossible equations, i.e., to 
express laws that would require equations of unmanageable com- 
plexity, or laws that could be expressed by no known equations ; 
(3) to facilitate interpolation; (4) to show errors of observa- 
tion. Now, if you are going to use the graph in elementary 
work, sooner or later utilize it a little in each of these ways. It 
is not as difficult as it appears. There are only two sources for 
graph data that I would recommend at present — data from tem- 
perature observations and from lever experiments, Data from 
the latter source can be made to illustrate objects (1), (3), and 
(4); while data from the first source can illustrate the second 
object to perfection. Temperature data will perhaps be the most 
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readily available. However, data will probably have to be 
assumed (by the teacher, without stating that it is assumed), in 
order to make temperature data illustrate all the points. Write 
columns of data that show the temperature as increasing two 
degrees every ten minutes, decreasing two degrees every ten 
minutes, and remaining constant for a given period. Have the 
corresponding curves plotted and the equations written, and then 
call for the interpretation of the parts of a curve of actual obser- 
vations. (By the way, I like the word "curve" much better 
than the word "graph." The latter seems to suggest the com- 
bination "graph-fad;" and, besides, the word "graph" doesnot 
at all mean what it is being used to mean.) 

In conclusion, let me briefly recapitulate my points : 

1. Select problems that will use the vocabulary and the 
phenomena of physics. 

2. Select expressions for drill that will be used later in physics, 
and do not be afraid of "juggling with equations." 

3. Do not think that " laboratory mathematics " means experi- 
mentation with apparatus in class exclusively. Depend on the 
laboratory work the pupil does outside of school in his work and 
play. 

4. Do not worry about the graph, but bring it in when you are 
ready for it and can use it for its own sake. 



